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EXERCISES)

Section 1 Cayley'sTheorem

1.1. Does the rule g * x = xg-
1 define an operation of G on G?

1.2. Let H be a subgroup of a group G. Describe the orbits for the operation of H on G by

left multiplication.)

Section 2 The ClassEquation

2.1. Determine the centralizer and the order of the conjugacy class of

(a) the matrix
[

1
n

in G L2( JF 3), (b) the matrix
[

1
2]

in G L2( JF S).

2.2. A group of order21contains a conjugacy class C(x) of order3.What is the order of x in

the group?

2.3. A group G of order12contains a conjugacy class of order 4. Prove that the center of G
is trivial.

2.4. Let G be a group, and let cp be the nth power map: cp(x)= xn
. What can be said about

how cp acts on conjugacy classes?

2.5. LetG be the group of matrices of the form
[x i ],

where x, Y E JR and x > o. Determine

the conjugacyclassesin G, and sketch them in the (x, y)-plane.

2.6. Determine the conjugacyclassesin the group M of isometries of the plane.

2.7. Rule out as many as you can, as class equationsfor a group of order 10:
1+ 1+ 1+2+ 5, 1 + 2 + 2 + 5, 1+ 2+ 3+ 4, 1 + 1 + 2 + 2 + 2+ 2.

2.8.Determine the possible class equations of nonabeliangroupsof order (a) 8, (b) 21.

2.9. Determine the class equation for the following groups: (a) the quaternion group, (b) D4,
(c)Ds, (d) the subgroup of G L2 (JF3) of invertible upper triangular matrices.

2.10.(a) Let A be an element of S03 that represents a rotation with angle Jr. Describe the

centralizer of A geometrically.

(b) Determine the centralizer of the reflection r about the el-axis in the group M of
isometriesof the plane.

2.11. Determine the centralizer in G L3 OR) of each matrix:)

[1

2

3] [1
1

2] [1
\037

J [1

\037

\037] [1

1

1].)

*2.12.Determine all finite groups that contain at most three conjugacy classes.

2.13. Let N be a normal subgroup of a group G. Supposethat INI = 5 and that IGI is an odd

integer. Prove that N is contained in the center of G.
2.14.The class equation of a group G is 1+ 4 + 5 + 5 + 5.

(a) DoesG have a subgroup of order 5? If so,is it a normal subgroup?

(b) Does G have a subgroup of order 4? If so,is it a normal subgroup?)))
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2.15. Verify the class equation (7.2.10) of SL2(IF3).

2.16. Let qJ: G -+ G' be a surjective group homomorphism, let C denote the conjugacyclassof

an element x of G, and let C' denote the conjugacy class in G' of its image qJ(x). Prove
that qJ maps C surjectively to C', and that IC' I divides ICI.

2.17. Use the class equationto show that a group of order pq, with p and q prime, contains an
elementof order p.

2.18. Which pairs of matrices

[
_ \037 J ], [\037

-

J ]
are conjugateelements of (a) G Ln (lR),

(b) SLn (JR)?)

Section 3 p-Groups

3.1. Prove the Fixed Point Theorem (7.3.2).

3.2. Let Z be the center of a group G. Prove that if G / Z is a cyclicgroup, then G is abelian,
and therefore G = Z.

3.3.A nonabelian group G has order p3, where p is prime.

(a) What are the possibleordersof the center Z?

(b) Let x be an element of G that isn't in Z. What is the order of its centralizer Z(x)?

(c) What are the possibleclassequations for G?)

3.4. Classify groups of order8.)

Section 4 The Class Equation of the IcosahedralGroup

4.1.The icosahedral group operates on the set of five inscribed cubes in the dodecahedron.
Determine the stabilizer of one of the cubes.

4.2. Is As the only proper normal subgroup of Ss?
4.3.What is the centralizer of an element oforder2 of the icosahedral group /?

4.4. (a) Determine the class equation of the tetrahedral group T.

(b) Prove that T has a normal subgroup of order4, and no subgroup of order 6.

4.5.(a) Determine the class equation of the octahedral group O.
(b) This group contains two proper normal subgroups.Find them, show that they are

normal, and show that there are no others.

4.6. (a) Prove that the tetrahedral group T is isomorphicto the alternating group A4, and
that the octahedral group 0 is isomorphicto the symmetric group 84.
Hint: Find sets of four elements on which the groups operate.

(b) Two tetrahedra can be inscribed into a cube C, each one using half the vertices.

Relate this to the inclusion A4 C S4.
4.7. Let G be a group of order n that operates non trivially on a set of order r. Prove that if

n > r!, then G has a proper normal subgroup.
4.8.(a) Suppose that the centralizer Z(x) of a group element x has order 4. What can be

said about the center of the group?

(b) Suppose that the conjugacy classC(y) of an element y has order 4.What can be said

about the center of the group?)))
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4.9. Let x be an element of a group G, not the identity, whose centralizer Z(x) has order pq,
where p and q are primes. Prove that Z(x) is abelian.)

Section 5 Conjugationin the Symmetric Group

5.1. (a) Prove that the transpositions (12), (23), . . . , (n- 1,n) generate the symmetric
group Sn.

(b) How many transpositions are needed to write the cycle (123. . . n)?
(c) Prove that the cycles (12. . . n) and (12) generate the symmetric group Sn.

5.2. What is the centralizer of the element (12) in S5?

5.3. Determine the orders of the elements of the symmetric group S7.
5.4. Describethe centralizer Z (a) of the permutation a == (153) (2 4 6) in the symmetric

group S7, and compute the orders of ZeD\") and of C(a).

5.5. Let p and q be permutations. Prove that the products pq and qp have cycles of equal
SIzes.)

5.6. Find all subgroups of 54 of order 4, and decide which ones are normal.

5.7. Prove that An is the only subgroup of 5n of index 2.
5.8.1Determine the integers n such that there is a surjective homomorphism from the

symmetric group Sn to Sn-l.
5.9. Letq bea 3-cycle in Sn. How many even permutations p are there such that pqp-l = q?

5.10. Verify formulas (7.5.2) and (7.5.3) for the class equationsof 84 and 8s, and determine
the centralizerof a representative element in each conjugacy class.

5.11.(a) Let C be the conjugacy class of an even permutation p in Sn. Show that C is either
a conjugacy class in An, or else the union of two conjugacy classes in An of equal
order. Explain how to decide which case occurs in terms of the centralizer of p.

(b) Determine the class equations of A4 and As.
(c) Onemay also decompose the conjugacy classes of permutations of odd order into

An -orbits. Describe this decomposition.

5.12. Determine the class equations of 56 and A6.)

Section 6 Normalizers

6.1. Prove that the subgroup B of invertible upper triangular matrices in G Ln (IR) is conjugate
to the subgroup L of invertible lower triangular matrices.

6.2. Let B be the subgroup of G = G Ln (C) of invertible upper triangular matrices, and
let U C B be the set of upper triangular matrices with diagonal entries 1. Prove that

B = N(U) and that B = N(B).

*6.3. Let P denote the subgroup of G Ln (JR)consisting of the permutation matrices. Determine

the normalizer N(P).
6.4. Let H be a normal subgroup of prime order p in a finite group G. Suppose that p

is the smallest prime that divides the order of G. Prove that H is in the
center Z(G).)

1
Suggested by Ivan Borsenko.)))
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6.5. Let p be a prime integer and let G be a p-group. Let H be a proper subgroup of G.
Prove that the normalizer N(H) of H is strictly larger than H, and that H is contained
in a normal subgroup of index p.

*6.6. Let H be a propersubgroup of a finite group G. Prove:

(a) The group G is not the union of the conjugate subgroups of H.
(b) Thereis a conjugacy class C that is disjoint from H.)

Section 7 The Sylow Theorems

7.1. Let n = pem , as in (4.5.1), and let N be the number of subsets of order pe in a set of
order n. Determine the congruence class of N modulo p.

7.2. Let G1 C G2 be groups whoseordersaredivisible by p, and let H1 be a Sylow p-subgroup

of G1. Prove that there is a Sylow p-subgroup H2 of G2 such that H1 = H2n G1.
7.3.How many elements of order 5 might be contained in a group of order 20?
7.4.(a) Prove that no simple group h\037s order pq, where p and q are prime.

(b) Prove that no simple group has order p2q,where p and q are prime.
7.5. Find Sylow 2-subgroups of the following groups: (a) DIO, (b) T, (c) 0, (d)I.
7.6.Exhibit a subgroup of the symmetric group S7 that is a nonabelian group of order 21.
7.7.Let n = pm be an integer that is divisible exactly once by p, and let G be a group of order

n. Let H be a Sylow p-subgroup of G, and let S be the set of all Sylow p-subgroups.
Explain how S decomposes into H -orbits.

*7.8. Compute the order of G Ln (IF p). Find a Sylow p-subgroup of GLn (1F p), and determine
the number of Sylow p-subgroups.

7.9. Classify groups of order (a) 33, (b)18,(c) 20, (d) 30.

7.10. Prove that the only simple groups of order <60are the groups of prime order.)

Section 8 The Groups of Order 12

8.1. Which of the groups of order 12describedin Theorem 7.8.1 is isomorphic to S3X C2?

8.2. (8) Determine the smallest integer n such that the symmetric group Sn contains a
subgroup isomorphic to the group (7.8.2).

(b) Find a subgroup of SL2(]F5) that is isomorphic to that group.
8.3. Determine the class equations of the groups of order12.
8.4.Prove that a group of order n = 2p, where p is prime, is either cyclic or dihedral.

8.5. Let G be a nonabelian group of order 28 whose sylow 2 subgroups are cyclic.

(8) Determine the numbers of sylow 2 - subgroupsand of sylow 7 - subgroups.
(b) Prove that there is at most one isomorphism class of such groups.
(c) Determine the numbers of elements of each order, and the class equation of G.)))
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8.6. Let G be a group of order 55.)

(a)) Prove that G is generated by two elements x and y, with the relations xll

y5 == 1, yxy-l == x
r

, for some r, 1 < r < 11.
Decide which values of r are possible.
Prove that there are two isomorphism classesof groups of order 55.)

- 1- ,)

(b)

(c))

Section 9 The Free Group

9.1. Let F be the free group on {x, y}. Prove that the three elements u == x 2
, V == y2, and

z == xy generate a subgroup isomorphic to the free group on u, v, and z.
9.2. We may define a closed word in S' to be the oriented loop obtained by joining the ends

of a word.Reading counterclockwise,)

c a-I
b b

a b
a c
bbd)

is a closed word. Establish a bijective correspondencebetweenreducedclosedwords and

conjugacy classes in the free group.)

Section 10 Generators and Relations

10.1. Prove the mapping properties of free groups and of quotient groups.

10.2. Let cp: G \037 G' be a surjective group homomorphism. Let S be a subset of G whose

image cp(S) generates G', and let T be a set of generators of ker cpo Prove that S U T

generates G.
10.3.Can every finite group G be presented hy a finite set of generators and a finite set of

relations?

10.4. The group G == <x, y; xyx-ly-l > is called a free abelian group. Prove a mapping
property of this group: If u and v are elementsof an abelian group A, there is a unique
homomorphism q;: G -* A such that q;(x) == u, q;(y) == v.

10.5. Prove that the group generated by x, y, z with the single relation yxyz-2 == 1 is actually
a free group.

10.6.A subgroup H of a group G is characteristicif it is carried to itself by all automorphisms
of G.

(a) Prove that every characteristic subgroup is normal, and that the center Z is a
characteristicsubgroup.

(b) Determine the normal subgroups and the characteristic subgroupsof the quaternion

group.

10.7. The commutator subgroup C of a group G is the smallest subgroup that contains all

commutators. Prove that the commutator subgroup is a characteristic subgroup (see
Exercise10.6),and that G / C is an abelian group.)))
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10.8. Determine the commutator subgroups (Exercise 10.7) of the following groups:

(a) S02, (b) 02, (c) the group M of isometrics of the plane, (d)Sn, (d)S03.
10.9.Let G denote the group of 3 X 3 upper triangular matrices with diagonal entries equal to 1

and with entries in the field 1F p' For each prime p, determinethe center, the commutator

subgroup (Exercise 10.6),and the orders of the elements of G.
10.10.Let F be the free group on x, y and let R be the smallest normal subgroup containing

the commutator xyx-1y-l.

(a) Showthat x
2

y
2x- 2y-2 is in R.

(b) Prove that R is the commutator subgroup (Exercise 10.7) of F.)

Section11 The Todd-Coxeter Algorithm

11.1. Complete the proof that the group given in Example 7.11.8is cyclicof order 3.

11.2. Use the Todd-Coxeter algorithm to show that the group defined by the relations (7.8.2)
has order 12and that the group defined by the relations (7.7.8) has order 21.

11.3.Usethe Todd-Coxeter Algorithm to analyze the group generated by two elements x, y,
with the following relations. Determine the order of the group and identify the group if

you can:

(a) x 2 =
y2

= 1, xyx = yxy, (b) x3 = y3 = 1, xyx = yxy,
(c)x4 = y2 = 1, xyx = yxy, (d)x4 = y4 = x 2

y2
= 1,

(e) x 3 = 1, y2 = 1, yxyxy = 1, (f) x
3 = y3 = yxyxy = 1,

(g)x4 = 1, y3 = 1, xy =
y

2
x, (h) x 7 = 1, y3

= 1, yx = x2y,
(i) x-I yx = y-l, y-I xy = x- 1, (j) y3

= 1, x 2
yxy = 1.

11.4.How is normality of a subgroup H of G reflected in the table that displays the operation
on cosets?

11.5. Let G be the group generatedby elements x, y, with relations x4 = 1,y3
= 1, x 2 = yxy.

Prove that this group is trivial in two ways: using the Todd-Coxeter Algorithm, and

working directly with the relations.

11.6. A triangle group Gpqr is a group <x, y, z I x P , yq, zr, xyz >,wherep < q < r arepositive

integers. In each case, prove that the triangle group is isomorphic to the group listed.

(a) the dihedral group Dn, when p, q, r = 2, 2, n,
(b) the octahedral group, when p, q, r = 2,3, 4,

(c) the icosahedral group, when p, q, r = 2, 3, 5.

11.7.Let \037 denote an equilateral triangle, and let a, b, e denote the reflections of the plane
about the three sidesof \037. Let x = ab, y

= be, z = ea. Prove that x, y, z generate a
triangle group (Exercise 11.6).

11.8. (a) Prove that the group G generated by elements x, y, z with relations x 2 = y3 = ZS =

1, xyz = 1 has order 60.
(b) Let H be the subgroup generated by x and zyz-l. Determine the permutation

representationof G on G / H, and identify H.

(c) Prove that G is isomorphicto the alternating group As.)))
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(d) Let K be the subgroup of G generated by x and yxz. Determine the permutation
representationof G on G / K, and identify K.)

Miscellaneous Problems

M.t. Classify groupsthat are generated by two elements x and y of order 2.
Hint.' It will be convenient to make use of the element z == xy.

M.2. With the presentation (6.4.3),determine the double eosets (see Exercise M.9) HgH of

the subgroup H = {I, y} in the dihedral group Dn. Show that each double coset has
either two or four elements.

*M.3. (a) Supposethat a group G operates transitively on a set S, and that H is the stabilizer
of an elementSo of S. Consider the operation of G on S X S defined by g(S1, S2) =

(gsl, gS2). Establisha bijective correspondence between double cosets of H in G

and G-orbits in S x S.
(b) Work out the correspondence explicitly for the case that G is the dihedral group D5

and S is the set of vertices of a pentagon.
(c) Work it out for the cas.ethat G == T and that S is the set of edgesof a tetrahedron.

*M.4. Let Hand K be subgroups of a group G, with H c K. Suppose that H is normal in K,
and that K is normal in G. Is H normal in G?

M.5. Let Hand N be subgroups of a group G, and assume that N is a normal subgroup.

(a) Determine the kernels of the restrictions of the canonicalhomomorphism 77: : G \037

G / N to the subgroups Hand HN.
(b) Applying First Isomorphism Theorem to these restrictions,prove the Second Iso-

morphism Theorem: H/(H n N) is isomorphic to (HN)/ N.

M.6. Let Hand N be normal subgroups of a group G such that H :) N. Let H == H/ Nand

G = G / N.
- -

(a) Prove that H is a normal subgroup of G.

(b) Use the composedhomomorphism G \037 G \037 G / H to prove the--
Third Isomorphism Theorem: G / H is isomorphicto G / H.

M.7. 2LetP1,P2 be permutations of the set S == {I, 2, ..., n}, and let Ui be the subset of S of

indices that are not fixed by Pi. Prove:

(a) If U1 n U2 == 0, the commutator P1P2Pl1 P2
1 is the identity.

(b) If U 1n U2containsexactly one element, the commutator P1P2P1
1
P2

1
is a three-cycle.

*M.8. Let H be a subgroup of a group G. Prove that the number of left cosets is equal to the

number of right cosets also when G is an infinite group.

M.9. Letx be an element, not the identity, of a group of odd order.Prove that the elements x
and x-I are not conjugate.)

2
Suggested by Benedict Gross.)))
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M.I0. Let G be a finite group that operates transitively on a set S of order > 2. Show that G

contains an element g that doesn't fix any element of S.
M.ll. Determine the conjugacy classes of elements order 2 in G L2 (Z).

*M.12. (class equation of SL2) Many, though not all, conjugacy classes in SL2(F) contain

matrices of the form A =

[ 1

-
\037

].

(a) Determine the centralizers in SL2(IFS) of the matrices A, for a = 0, 1,2,3,4.
(b) Determine the class equation of SL2OF's).
(c) How many solutions of an equation of the form x2 + axy + y2

= 1 in JF p might there
be? To analyzethis, one can begin by setting y = AX + 1. For most values of A there

will be two solutions, one of which is x = 0, y = 1.
(d) Determine the class equation of SL2 (1F p).)))




