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Proof The elements of G are the cosets of N, and they are also the fibres of the map cp

(2.7.15). The map cp referred to in the theorem is the one that sends a nonempty fibre to
its image: cp ( x ) == cp(x). For any surjective map of sets cp: G \037 G

'
, one can form the set

G of fibres, and then one obtains a diagram as above, in which cp is the bijective map that

se nds a fibre to its image. When cp is a gr oup homomorphism, cp is an isomorphism because

cp (ab) = cp(ab) = cp(a)cp(b) ==
cp ( a ) cp (b). 0)

Corollary 2.12.11 Let cp:G \037 G
' be a group homomorphismwith kernel N and image H'.

The quotient group G = GIN is isomorphic to the image H'. 0)

Two quick examples:The imageof the absolute value map (CX \037 JRx is the group
of positive real numbers,and its kernel is the unit circle V. The theorem asserts that the

quotient group (CX IV is isomorphic to the multiplicative group of positive real numbers.

The determinant is a surjective homomorphism G Ln (JR) \037 JRx, whose kernel is the special
linear group SLn (IR). So the quotient G Ln (JR) / SL n (JR) is isomorphic to IR

x
.

There are also theorems called the Secondand the Third Isomorphism Theorems,

though they are less important.)

<fa gft6t olfo ftOt ufd Uttft6ft6tnt \037den !Jon \037tU\037tnf

wdtijt Pdj nftijt woijf ijttgtijftn rn\037tn;

un6 6nijtt tntfft\037tn 6ft 6ttftfjft6tnt a6tUt 6tt \037nt6tmotftf

6tttn tint JtOfftijt mft tfntt 6tfon6ttn \037d !Jon \037tU\037tn6dt\037tiPfotf fp.

-Leonhard Euler)

EXERCISES)

Section 1 Lawsof Composition

1.1. Let S be a set. Prove that the law of composition definedby ab == a for all a and b in S is

associative. For which sets does this law have an identity?

1.2. Prove the properties of inversesthat are listed near the end of the section.

1.3. Let N denote the set {1,2, 3, ...,}of natural numbers, and let s:N \037 N be the shift map,
definedby s(n) == n + 1. Prove that s has no right inverse, but that it has infinitely many

left inverses.)

Section 2 Groups and Subgroups

2.1. Make a multiplication table for the symmetric group S3.

2.2. Let Sbea setwith an associative law of composition and with an identity element. Prove
that the subset consisting of the invertible elements in S is a group.

2.3. Let x, y, Z, and UJ be elements of a group G.

(a) Solve for y, given that xyz-l w == 1.

(b) Suppose that xyz == 1. Does it follow that yzx == I? Does it follow that yxz = I?)))
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2.4. In which of the following cases is H a subgroup of G?

(a) G =
GLn(C) and H = GLn(1\037).

(b) G = \037x and H = {I, -I}.
(c) G = Z+ and H is the set of positive integers.

(d) G = JRx and H is the set of positive reals.

(e) G = G L2(lR) and H is the set of matrices

[\037
\037l

with a* O.

2.5. In the definition of a subgroup, the identity element in H is required to be the identity
of G. One might require only that H have an identity element, not that it need be the
sameas the identity in G. Show that if H has an identity at all, then it is the identity in

G. Show that the analogous statement is true for inverses.
2.6. Let G be a group. Define an oppositegroup GO with law of composition a * b as follows:

The underlying set is the same as G, but the law of composition is a * b = ba. Prove that

GO is a group.)

Section 3 Subgroupsof the Additive Group of Integers

3.1. Let a = 123and b = 321. Compute d = gcd(a,b), and express d as an integer
combinationra + bs.

3.2.Prove that if a and b are positive integers whose sum is a prime p, their greatest common

divisor is 1.

3.3. (a) Define the greatest common divisor of a set {al,. .., an} of n integers. Prove that it

exists, and that it is an integer combination of al, . . . , an.

(b) Prove that if the greatest common divisor of {al, . . . , an} is d, then the greatest
commondivisor of {all d, . . . , anid}is 1.)

Section 4 Cyclic Groups

4.1. Let a and b be elements of a group G. Assume that a has order 7 and that a
3 b = ba 3

.

Prove that ab = baa

4.2. An nth root of unity is a complex number z such that zn = 1.

(a) Prove that the nth roots of unity form a cyclic subgroup of ex of order n.

(b) Determine the product of all the nth roots of unity.

4.3. Let a and b be elementsof a group G. Prove that ab and ba have the same order.
4.4.Describeall groups G that contain no proper subgroup.
4.5. Prove that every subgroup of a cyclicgroup is cyclic. Do this by working with exponents,

and use the descriptionof the subgroups of Z+ .

4.6. (a) Let G be a cyclic group of order 6.How many of its elements generate G? Answer

the same question for cyclicgroups of orders5 and 8.

(b) Describe the number of elements that generate a cyclic group of arbitrary order n.

4.7. Let x and y be elements of a group G. Assume that each of the elements x, y, and xy has
order2.Prove that the set H = {1,x, y, xy} is a subgroup of G, and that it has order 4.)))
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4.8. (a) Prove that the elementary matrices of the first and third types (1.2.4) generate
GLn (lR).

(b) Prove that the elementary matricesof the first type generate SL n (IR). Do the 2 X 2

case first.

4.9. How many elements of order 2 does the symmetric group 84 contain?

4.10. Show by example that the product of elementsof finite order in a group need not have
finite order. What if the group is abelian?

4.11.(a) Adapt the method of row reduction to prove that the transpositions generate the

symmetric group Sn.
(b) Prove that, for n > 3, the three-cyclesgenerate the alternating group An.)

Section 5 Homomorphisms

5.1.Let cp: G -+ G' be a surjective homomorphism. Prove that if G is cyclic\037 then G' is cyclic,
and if G is abelian, then G' is abelian.

5.2. Prove that the intersection K n H of subgroupsof a group G is a subgroup of H, and

that if K is a normal subgroup of G, then K n H is a normal subgroup of H.

5.3. Let U denotethe group of invertible upper triangular 2 X 2 matrices A =

[\037 \037],

and

let <p : U -+ lR
x be the map that sends A \037 a

2 . Prove that cp is a homomorphism, and
determine its kernel and image.

5.4. Let f: 1R+ -+ ex be the map I(x) == e
ix . Prove that f is a homomorphism, and determine

its kernel and image.

5.5. Prove that the n X n matrices that have the block form M =

[\037
\037

]
, with

A in GLr(IR) and D in GLn-r(JR), form a subgroup H of GLnOR), and that the

map H -+ G Lr(JR) that sends M \037 A is a homomorphism. What is its kernel?

5.6. Determine the center of GLn (IR).

Hint: You are asked to determine the invertible matrices A that commute with every

invertible matrix B. Do not test with a general matrix B. Test with elementary matrices.)

Section 6 Isomorphisms

6.1. Let G' be the group of real matrices of the form

[1 \037
].

Is the map jR+ -+ G' that

sends x to this matrix an isomorphism?

6.2. Describe all .homomorphisms cp : z+ -+ Z+. Determine which are injective, which are

surjective, and which are isomorphisms.

6.3. Show that the functions f = 1/ x, g == (x
- 1) / x generate a group of functions, the law of

composition being composition of functions, that is isomorphic to the symmetric group S3.
6.4.Prove that in a group, the products ab and ba are conjugate elements.

6.5. Decide whether or not the two matrices A =

[

3

2]
and B =

[_\037 \037]

are conjugate

elements of the general linear group G L2 OR).)))
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6.6. Are the matrices
[1 \037l [\037 1]

conjugate elements of the group G L2(JR)? Are they

conjugate elements of SL20R)?
6.7. Let H be a subgroup of G, and let g be a fixed element of G. The conjugate subgroup

gHg-
1 is defined to be the set of all conjugates ghg- 1, with h in H. Prove that gHg-l is

a subgroup of G.
6.8. Prove that the map A \037 (A t)-l is an automorphism of GLn (JR).

6.9. Prove that a group G and its opposite group GO (Exercise 2.6) are isomorphic.
6.10.Find all automorphisms of

(a) a cyclicgroup of order 10, (b) the symmetric group S3.
6.11.Let a be an element of a group G. Prove that if the set {I, a} is a normal subgroup of G,

then a is in the center of G.)

Section 7 EquivalenceRelations and Partitions

7.1. Let G be a group. Prove that the relation a \"-J b if b = gag- 1 for some g in G is an

equivalence relation on G.
7.2.An equivalence relation on S is determined by the subset R of the set S x S consisting of

those pairs (a, b) such that a \"-J b. Write the axioms for an equivalence relation in terms

of the subset R.

7.3. With the notation of Exercise 7.2, is the intersectionR n R' of two equivalence relations
Rand R' an equivalence relation? Is the union?

7.4. A relation R on the set ofreal numbers can be thought of as a subsetof the (x, y)-plane.
With the notation of Exercise7.2,explain the geometric meaning of the reflexive and
symmetric properties.

7.5. With the notation of Exercise 7.2, each of the following subsets R of the (x, y)-plane
defines a relation on the set \037 of real numbers. Determine which of the axioms (2.7.3)
are satisfied: (a) the set {(s, s) I S E JR}, (b) the empty set, (c) the locus{xy+ 1= OJ,

(d) the locus {x
2
y -

xy2
- x + y = OJ.

7.6. Howmany different equivalence relations can be definedon a set of five elements?)

Section 8 Cosets
8.1.Let H be the cyclic subgroup of the alternating group A4 generated by the permutation

(123). Exhibit the left and the right cosets of H explicitly.

8.2. In the additive group JRm of vectors, let W be the set of solutions of a system of homo-
geneouslinear equations AX = o. Show that the set of solutions of an inhomogeneous
system AX = B is either empty, or else it is an (additive) coset of W.

8.3. Does every group whose order is a powerof a prime p contain an element of orderp?
8.4.Does a group of order 35 contain an elementof order 5? of order 7?

8.5. A finite group contains an element x of order 10 and also an element y of order6.What

can be said about the order of G?
8.6.Let qJ: G --* G' be a group homomorphism. Supposethat I G I = 18, I G' I

= 15, and that

qJ is not the trivial homomorphism. What is the order of the kernel?)))
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8.7. A group G of order22 contains elements x and y, where x =1= 1 and y is not a powerof x.

Prove that the subgroup generated by these elements is the whole group G.
8.8.Let G be a group of order25.Prove that G has at least one subgroup of order 5, and that

if it contains only one subgroup of order5,then it is a cyclic group.
8.9. Let G be a finite group. Under what circumstances is the map cp:G \037 G defined by

cp(x) = x2 an automorphism of G?

8.10. Prove that every subgroup of index 2 is a normal subgroup, and show by example that a

subgroup of index 3 need not be normal.

8.11. Let G and H be the following subgroups of G L2 (JR):)

G={[\037 n},H={[\037 n},)

with x and y real and x > O. An element of G can be representedby a point in the right

half plane. Make sketches showing the partitions of the half plane into left cosets and into

right cosets of H.

8.12. Let Sbea subset of a group G that contains the identity element 1, and such that the left

cosets as, with a in G, partition G. Prove that S is a subgroup of G.
8.13.Let S be a set with a law of composition: A partition TI1 U TI2 U . .. of S is compatible

with the law of composition if for all i and j, the product set)

ninj
= {xy I x E n i , Y E nj})

is contained in a single subset nk of the partition.

(a) The set Z of integers can be partitioned into the three sets [Pos], [Neg],[{O}]. Discuss

the extent to which the laws of composition + and X are compatible with this

partition.
(b) Describeall partitions of the integers that are compatible with the operation +.)

Section9 Modular Arithmetic

9.1. For which integers n does 2 have a multiplicative inverse in ZjZn?

9.2. What are the possible valuesof a
2 modulo 4? modulo 8?

9.3. Prove that every integer a is congruent to the sum of its decimal digits modulo 9.

9.4. Solvethe congruence 2x = 5 modulo 9 and modulo 6.

9.5. Determine the integers n for which the pair of congruences 2x -
y

= 1 and 4x +
3y= 2 modulo n has a solution.

9.6. Prove the Chinese Remainder Theorem: Let a, b, u, v be integers, and assume that the

greatest common divisor of a and b is 1. Then there is an integerx such that x == u modulo

a and x= v modulo b.

Hint.' Do the case u = 0 and v = 1 first.

9.7. Determine the order of each of the matrices A =
[ \037 \037

]

and B =
[ \037 \037

]

when the
matrix entries are interpreted modulo 3.)))
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Section 10 The Correspondence Theorem

10.1.Describehow to tell from the cycle decompositionwhether a permutation is odd or even.
10.2.Let Hand K be subgroups of a group G.

(a) Prove that the intersection xH n yK of two cosets of Hand K is either empty or

else is a coset of the subgroup H n K.
(b) Prove that if Hand K have finite index in G then H n K alsohas finite index in G.)

10.3. Let G and G' be cyclic groups of orders 12 and 6, generated by elements x and y,
respectively, and let qJ : G \037 G' be the map defined by qJ(x

i
) == yi. Exhibit the

correspondence referred to in the Correspondence Theorem explicitly.

10.4. With the notation of the Correspondence Theorem, jet H and H' be corresponding
subgroups.Prove that [G : H] == [G

/
: H'].

10.5. With reference to the homomorphism S4 \037 83 described in Example 2.5.13, determine
the six subgroups of S4 that contain K.)

Section 11 Product Groups
11.1.Let x be an element of order r of a group G, and let y be an element of G

i
of order s.

What is the order of (x, y) in the product group G x G'?
11.2.What does Proposition 2.11.4 tell us when, with the usual notation for the symmetric

group S3,K and H are the subgroups <y> and <x>?
11.3.Prove that the product of two infinite cyclic groups is not infinite cyclic.

11.4. In each of the following cases, determine \\vhether or not G is isomorphicto the product

group Hx K.

(a) G = }Rx, H == {:f: 1}, K = {positivereal numbers}.
(b) G == {invertible upper triangular 2 X 2 matrices}, H == {invertible diagonal matrices},

K ==
{upper triangular matrices with diagonal entries 1}.

(c) G = ex,H == {unit circle}, K == {positive real numbers}.

11.5. Let G1 and G2 be groups, and let Zi be the center of Gi. Prove that the center of the

product group G1X G2 is 21 X 22.

11.6. Let G be a group that contains normal subgroups of orders3 and 5, respectively. Prove
that G containsan element of order 15.

11.7. Let H bea subgroup of a group G, let qJ:G \037 H be a homomorphism whose restriction
to H is the identity map, and let N be its kernel. What can one say about the product
map HxN \037 G?

11.8. Let G, G', and H be groups. Establish a bijective correspondence between homomor-
phisms <t> : H \037 G X G' from H to the product group and pairs (cp, qJ') consisting of a

homomorphism qJ:H \037 G and a homomorphism qJ':H \037 G'.

11.9. Let Hand K be subgroupsof a group G. Prove that the product set H K is a subgroup

of G if and only if H K == K H.)

Section 12 Quotient Groups
12.1.Show that if a subgroup H of a group G is not normal, there are left cosets aH and bH

whose productis not a coset.)))
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12.2. In the generallinear group G L3(IR), consider the subsets

H =
[\037

r \037land

K =

[\037
[ \037l

where * represents an arbitrary real number. Showthat H is a subgroup of G L3, that K

is a normal subgroup of H, and identify the quotient group HI K. Determine the center

of H.

12.3. Let P be a partition of a group G with the property that for any pair of elements A, B of
the partition, the product set AB is containedentirely within another element C of the
partition. Let N be the element of P that contains 1.Prove that N is a normal subgroup
of G and that P is the set of its cosets.

12.4. Let H == {:f: 1, :f: i} be the subgroup of G == ex of fourth roots of unity. Describe the

cosets of H in G expJicitly. Is G I H isomorphic to G?

12.5. Let G be the group of upper triangular real matrices
[\037 \037],

with a and d different

from zero. For each of the following subsets, determine whether or not S is a subgroup,
and whether or not S is a normal subgroup. If S is a normal subgroup, identify the

quotient group GIS.

(i) S is the subset defined by b == O.

(ii) S is the subset definedby d == 1.

(iii) S is the subset definedby a = d.)

Miscellaneous Problems

M.l. Describe the column vectors(a, c)t that occur as the first column of an integer matrix A

whose inverse is also an integer matrix.

M.2. (a) Prove that every group of even order containsan element of order 2.

(b) Prove that every group of order 21 containsan element of order 3.

M.3. Classifygroupsof order 6 by analyzing the following three cases:

(i) G contains an elementof order 6.

(ii) G contains an element of order 3 but none of order 6.

(iii) All elements of G have order 1or 2.)

M.4. A semigroup S is a set with an associative law of composition and with an identity.
Elements are not required to have inverses,and the Cancellation Law need not hold. A

semigroup S is said to be generatedby an element s if the set {1, s, s2, . . .}of nonnegative

powers of s is equal to S. Classify semigroups that are generated by one element.

M.5. Let S be a finite semigroup (see Exercise M.4) in which the Cancellation Law 2.2.3holds.
Prove that S is a group.

*M.6.Let a == (al, . . . , ak) and b == (b 1 , . . . , bk) be points in k-dimensional space IRk. A

path from a to b is a continuous function on the unit interval [0, 1] with values in IRk, a

function X: [0,1]-+ R
k

, sendin
f

t\"'\" X (t) = (Xl (t), . . . , xk (t)), such that X (0) = a and

X(l) == b. If S is a subset of 1R
.

and if a and b are in S, define a \037b if a and b can be
joined by a path lying entirely in S.)))
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(a) Show that f'V is an equivalence relation on S. Be careful to check that any paths you

construct stay within the set S.
(b) A subset S is path connected if a \"\"'b for any two points a and b in S. Show that every

subset S is partitioned into path-connected subsets with the property that two points
in different subsets cannotbe connected by a path in S.

(c) Which of the following loci in JR2 are path-connected: {x
2 + y2

= I}, {xy = O},
{xy==l}?)

*M.7.The set of n X n matrices can be identified with the space JRnxn. Let G be a subgroup of
GLn (JR). With the notation of Exercise M.6,prove:

(a) If A, B, C, D are in G, and if there are paths in G from A to B and from C to D, then
there is a path in G from AC to RD.

(b) The set of matrices that can be joined to the identity I forms a normal subgroup of
G. (It is called the connected component of G.)

*M.8.(a)
.

The group SL n OR) is generated by elementary matrices of the first type (see
Exercise 4.8). Use this fact to prove that SL n OR) is path-connected.

(b) Show that G Ln O\037) is a union of two path-connected subsets, and describe them.

M.9. (doubleeosets)Let Hand K be subgroups of a group G, and let g be an element of G.

The set HgK ==
{x E G

I
x = hgk for some h E H, k E K} is called a doublecoset.Do

the double cosets partition G?

M.IO. Let H bea subgroup of a group G. Show that the double cosets (see Exercise M.9))

HgH ==
{hlgh2Ihl, h 2 E H})

are the left cosets gH if and only if H is normal.

*M.l1. Most invertible matrices can be written as a productA = LV of a lower triangular matrix

L and an upper triangular matrix U, where in addition all diagonal entries of U are 1.

(a) Explain how to compute Land U when the matrix A is given.
(b) Prove uniqueness, that there is at most one way to write A as such a product.
(c) Show that every invertible matrix can be written as a product LPU, where L, U are

as above and P is a permutation matrix.

(d) Describe the double cosets LgU (seeExerciseM.9).)

M.12. (postage stamp problem) Let a and b be positive, relatively prime integers.

(a) Prove that every sufficiently large positive integer n can be obtained as ra + sb,
where rand s are positive integers.

(b) Determine the largest integer that is not of this form.

M.13. (a game) The starting position is the point (1, 1), and a permissible \"move\" replaces a

point (a, b) by one of the points (a + b, b) or (a,a +b).So the position after the first

move will be either (2, 1) or (1,2).Determine the points that can be reached.

M.14.(generating SL2(Z\302\273 Prove that the two matrices

E=[\037 \037], E'=D n)))
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generate the group SL2(Z) of all integer matrices with determinant 1. Remember that

the subgroup they generate consists of all elements that can be expressed as products
using the four elements E, E', E-1, E,-l.
Hint: Do not try to write a matrix directly as a product of the generators. Use row
reduction.

M.15.(the semigroup generated by elementary matrices) Determine the semigroup S (see
Exercise M.4) of matrices A that can be written as a product, of arbitrary length, each of

whose terms is one of the two matrices)

[ \037 iJ,
or

[i \037l)

Show that every elementof S can be expressed as such a prod,uct in exactly one way.
.

M.16. l(the homophonicgroup.'a mathematical diversion) By definition, English words have
the same pronunciation if their phonetic spellings in the dictionary are the same. The
homophonic group 11 is generated by the letters of the alphabet, subjectto the following
relations: English words with the same pronunciation represent equal elements of the

group. Thus be = bee, and since 11 is a group, we can cancel be to conclude that e = 1.
Try to determine the group ?t.)

1I learned this problem from a paper by Mestre, Schoof, Washington and Zagier.)))




