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constant term ao of f. This small loop won't wind around the origin at all. But as we just

saw, J(C r ) winds n times around the origin if r is large enough. The only explanation for

this is that for some intermediate radius r', f( Cr') passesthrough the origin. This means
that for some point ex on the circle Cr', J(a) == O. I'hen ex is a root of f.)

I don't considerthis algebra,

but this doesn't mean that algebraistscan'tdo it.

-Garrett Birkhoff)

EXERCISES)

Section 1 Examples of Fields

1.1.Let R be an integral domain that contains a field F as subring and that is tinite-dimensional
when viewed as vector space over F. Prove that R is a field.

1.2. Let F bea field, not of characteristic 2, and let x2
+ bx + c == 0 be a quadratic equation

with coefficients in F. Prove that if 8 is an element of F such that 8 2 == b
2 - 4c,

x == (-b + 8) j2a solves the quadraticequation in F. Prove also that if the discriminant
b2 - 4c is not a square, the polynomial has no root in F.

1.3. Which subfields of C are densesubsets of C?)

Section 2 Algebraic and TranscendentalElements

2.1.Let a be a complex root of the polynomial x
3 - 3x + 4. Find the inverse of a 2 + a + 1in

the form a + ba + ca2
, with a, b, c in Q.

2.2. Let f(x) = xn - an_lX
n -- 1

+ . . . ::i: ao be an irreducible polynomial over F, and let a be

a root of f in an extension field K. Determine the elementa-I explicitly in terms of a
and of the coefficientsai.

2.3.Let fl == w\037, where w == e
21ri / 3

, and let K == Q(fl). Prove that the equationxI+' .
.+x\037

==

-1 has no solution with Xi in K.)

Section 3 The Degree of a FieldExtension

3.1. Let F be a field, and let a be an element that generates a field extension of F of degree 5.

Prove that a 2 generatesthe same extension.

3.2. Prove that the polynomial x 4 + 3x + 3 is irreducible over the field Q[ \037].

3.3. Let \037n
== e 21ri / n . Prove that \0375fj Q(\0377).

\302\267

3.4. Let {n = e21ri / n . Determine the irreducible polynomial over Q and over Q({3) of
(a) \0374, (b) \0376, (c) {8, (d) {g, (e) (10, (I) \03712.

3.5. Determine the values of n such that {n has degree at most 3 overQ.)))
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3.6. Let a be a positive rational number that is not a square in Q. Prove that \037 has degree 4
over Q.

3.7. (a) Is i in the field Q( \037)? (b) Is \037 in the field Q( \037)?

3.8. Let a and f3 be complex numbers. Prove that if a + fJ and afJ are algebraic numbers,
then a and (3 are also algebraic numbers.

3.9. Let a and f3 be complex roots of irreducible polynomials I(x) and g(x) in Q[x]. Let
K == Q(a) and L == Q({3). Prove that f(x) is irreducible in L[x] if and only if g(x) is

irreducible in K[x].

3.10. A field extension K / F is an algebraic extension if every element of K is algebraic

over F. Let K / F and L / K be algebraicfield extensions. Prove that L / F is an algebraic
extension.)

Section 4 Finding the Irreducible Polynomial

4.1. Let K == <Q(a), where a is a root of x
3 - x -1. Determine the irreducible polynomial for

y == 1 + a 2 over Q.
4.2.Determine the irreducible polynomial for a == ,J3 + -J5 over the following fields.

(a)Q, (b)Q(-J5), (c)Q(00), (d)<Q(\037).
4.3. With reference to Example 15.4.4(b), determine the irreducible polynomial for y ==

al + a2 over Q.)

Section5 Constructions with Ruler and Compass

5.1. Expresscos15\302\260in terms of real square roots.
5.2.Prove that the regular pentagon can be constructed by ruler and compass

(a) by field theory, (b) by finding an explicit construction.

5.3.Dccidewhether or not the regular 9-gon is constructibleby ruler and compass.

5.4. Is it possible to construct a square whosearea is equal to that of a given triangle?
5.5. Referring to the proof of Proposition 15.5.5,supposethat the discriminant D is negative.

Determinethe line that appears at the end of the proof geometrically.

5.6. Thinking of the plane as the complex plane, describe the set of constructible points as

complex numbers.)

Section 6 Adjoining Roots

6.1. Let F be a field of characteristic zero, let f' denote the derivative of a polynomial f in

F[x], and let g be an irreducible polynomial that is a common divisor of f and f'. Prove

that g2 divides f.
6.2.(a) Let F be a field of characteristiczero.Determine all square roots of elements of F

that a quadratic extension of the form F(,Ja) contains.

(b) Classify quadratic extensions of Q.)))
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6.3. Determine the quadratic number fields Q[.Jd] that contain a primitive nth root of unity,
for some integern.)

Section 7 Finite Fields

7.1. Identify the group IF! .

7.2. Determinethe irreducible polynomial of each of the elementsof IF8 in the list 15.7.8

7.3. Find a 13th root of 2 in the field IF 13.

7.4. Determine the number of irreducible polynomials of degree 3 over IF 3 and over IF 5.

7.5. Factor x 9 - x and x
27 - x in IF3.

7.6. Factor the polynomial x16 - x over the fields IF 4 and IF8.

7.7. Let K be a finite field. Prove that the product of the nonzero elements of K is -1.

7.8. The polynomials f(x) = x 3 + x + 1and g(x) = x 3 + x2
+ 1 are irreducible over JF2. Let

K be the field extension obtained by adjoining a root of f, and let L be the extension

obtained by adjoining a root of g. Describe explicitly an isomorphism from K to L, and
determine the number of such isomorphisms.

7.9. Work this problem without appealing to Theorem (15.7.3).Let F = IF p'

(a) Determine the number of monic irreducible polynomials of degree 2 in F[x].

(b) Let f(x) be an irreduciblepolynomial of degree 2 in F[x]. Prove that K = F[x]/ (f)
is a field of orderp2,and that its elements have the form a + bex, where a and bare
in F and ex is a root of f in K. Moreover, every such element with b=f::.O is the root
of an irreduciblequadratic polynomial in F[ x].

(c) Showthat every polynomial of degree 2 in F[x] has a root in K.

(d) Show that all the fields K constructedas above for a given prime p are isomorphic.

*7.10.Let F be a finite field, and let f(x) be a non constant polynomial whose derivative is the
zero polynomial. Prove that f cannot be irreducibleover F.

7.11. Let f = ax 2
+ bx + c with a, b, c in a ring R. Show that the ideal of the polynomial ring

R[x] that is generated by f and ff contains the discriminant, the constant polynomial
b2 - 4ac.

7.12.Let p be a prime integer, and let q = pr and q' = pk. For which values of rand k does
xql - x divide x q - x in Z[x]?

7.13. Prove that a finite subgroup of the multiplicative group of any field F is a cyclicgroup.
7.14.Find a formula in terms of the Euler ifJ function for the number of irreduciblepolynomials

of degree n over the field IF p.)

Section 8 Primitive Elements

8.1. Prove that every finite extension of a finite field has a primitive element.

8.2. Determine all primitive elements for the extension K = Q(\037, ,)3) of Q.)))
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Section 9 Function Fields

9.1. Let I(x) be a polynomial with coefficients in a field F. Prove that if there is a rational
function rex) such that r2 == f, then r is a polynomial.

9.2. Determine the branch points and the gluing data for the Riemann surfaces of the

following polynomials.

(a) x 2 - t
2

+ 1 , (b) x 4 - t - 1, (c) x 3 - 3tx - 4t, (d)x3 - 3x 2 - t ,

(e) x 3 -
t(t

- 1), (f) x 3 - 3tx 2 + t, (g)x4
+ 4x + t, (h) x3 - 3tx - t - t2.

9.3. (a) Determine the number of isomorphism classes of function fields K of degree 3 over
F =:C(t) that are ramified only at the points 1 and -1.

(b) Describe gluing data for the Riemann surfacecorrespondingto each isomorphism
class of fields as a pair of permutations.

(c) For each isomorphism class, find a polynomial f(t, x) such that K = F[t]/(f)
represents the isomorphism class.

*9.4.Prove the Riemann Existence Theorem for quadratic extensions.
flint: Show that up to isomorphism, a quadratic extensionof F is described by the finite

set {Pl, . . . , Pk} of its true branch points.

*9.5. Write a computer program that determines the branch points Pv and the permutations
a v for the Riemann surface of a given polynomial.)

Section 10 The Fundamental Theoremof Algebra

10.1. Prove that the subset of C consisting of the algebraic numbers is algebraically closed.
10.2.Construct an algebraically closed field that contains the prime field IF p.

*10.3. With notation as at the end of the section, a comparison of the imagesJ(Cr) for varying

radii shows another interesting geometric feature: For large r, the curve f( Cr) makes n

loops around the origin. Its total curvature is 2Tln. Assuming that the coefficient al is not
zero, the linear term alZ + ao dominates fez) for small z. Then for small r, J(C r) makes
a single loop around Qo. Its total curvature is only 2TC.Something happensto the loops as
r varies. Explain.

*10.4.Write a computer program to illustrate the variation of J( Cr) with r.)

Miscellaneous Exercises

M.l. Let K == F(a) be a field extension generatedby a transcendental element ex, and let f3

be an element of K that is not in F. Prove that ex is algebraic over the field F(f3).
M.2. Factor x

7
+ x + 1 in 1F7[X].

*M.3. Let f(x) be an irreduciblepolynomial of degree 6 over a field F, and let K be a quadratic
extensionof F. What can be said about the degrees of the irreducible factors of f in

K[x]?)))



476 Chapter 15) Fields)

M.4. (a) Let p be an odd prime.Prove that exactly half of the elements of IF;are squaresand

that if ex and f3 are nonsquares, then a f3 is a square.

(b) Prove the same assertion for any finite field of oddorder.
(c) Prove that in a finite field of evenorder,every element is a square.

(d) Prove that the irreducible polynomial for y == \037 + \037 over Q is reducible modulo
p for every prime p.

*M.5. Prove that any element of G L2(Z) of finite order has order 1, 2, 3,4, or 6

(a) by using field theory.

(b) by applying the Crystallographic Restriction.

*M.6. (a) Prove that a rational function jet) that generates the field C(t) of all rational
functions defines a bijective map T' --* T'.

(b) Prove a rational function I{x) generates the field of rational functions C(x) if and

only if it is of the form (ax + b)/(cx + d), with ad - bc=f::.O.

(c) Identify the group of automorphisms of C(x) that are the identity on C.

*M.7. Prove that the homomorphism SL 2(Z) --* SL2(IFp) obtained by reducing the matrix
entries modulo p is surjective.)))




