Higher Order Linear Differential Equations with Constant Coefficients

Part I. Homogeneous Equations: Characteristic Roots
Objectives: Solve n-th order homogeneous linear equations
any"™ + ap_ 1y + -+ ay + agy =0,
where a,, -, a1, aq are constants with a,, # 0.
Solution Method:

e Find the roots of the characteristic polynomial:

ap A\ 4 @y A" ag )+ ag = 0.
e Each root A produces a particular exponential solution e* of the differential equation.

e A repeated root \ of multiplicity k produces k linearly independent solutions e, te?t, - - - =1,

Warning: The above method of characteristic roots does not work for linear equations with
variable coefficients. As matter of fact, the explicit solution method does not exist for the
general class of linear equations with variable coefficients.

Example 1: (a) Find general solutions of ¢ + 4y” — 7y’ — 10y = 0.
(b) Solve y” + 4y" — 7y" — 10y = 0,y(0) = =3,y/'(0) = 12,y"(0) = —36.

Solution: (a) Solve the characteristic polynomial:
AP AN = TA =10 = 0.
The roots are Ay = —1, Ay = 2, A\3 = —5. Each root gives a particular exponential solution of
the differential equation. Combined, the general solutions are
y = Cre ' + Coe® + Cse™™,

where C1, Cy, C3 are free parameters (arbitrary constants).
(b) We use the initial conditions to determine the values of the constants Cy, Cy, C5 in the
general solution formula. The initial conditions y(0) = —3,4'(0) = 12,4y”(0) = —36 yield
C1+Cy+ C5 = =3,
—Cy +2C; — 505 = 12,
Cy1 4405 + 25C5 = —36.

Solve this linear system for C, Cs, Cs:

C, = —5/2,
Cy =1,
Cy = —3/2.

Thus, the solution to the initial value problem is

b} 3
y = _ie_t 42— 56—55



Example 2: (a) Find general solutions of y™® 4+ 8y” + 16y = 0.
(b) Solve y + 8y + 16y = 0,y(0) = —1,/(0) = 5,4"(0) = —8,4"(0) = —28.

Solution: (a) Solve the characteristic polynomial:
0=\ +8)\+16 = (A\* +4)°

The roots are \; = 21, \y = 21, A\3 = —2i, \y, = —2i. We have repeated roots. For complex
characteristic roots, we can either use complex exponential functions or use cos and sin to
express the solutions.

Expression 1: The general solutions are

y = C cos(2t) + Cysin(2t) + Cst cos(2t) + Cyt sin(2t),

where C, Cy, C3, Cy are free parameters (arbitrary constants).
Expression 2: The general solutions are

y = ar1e®® + aste®™ + aze™ ¥ + agte ",

where aq, as, as, a, are free parameters (arbitrary constants).
(b) Let’s use Expression 1 in the above. The initial conditions yield a linear system for

Clu"'704:

c, S—
20, +Cs = 9,

—401 —|—4C4 - —8,

—8C, —12C}% = =28

Solving this we obtain C} = —1,Cy = 2,C3 = 1,y = —3. Thus, the solution is
y = —cos(2t) + 2sin(2t) + ¢ cos(2t) — 3t sin(2t).

We're done.
Alternatively, we may use Expression 2 as well. The initial conditions yield

aq +as = —1,
2ia1 +as —22’a3 +ay = 5,
—4ay  +4ias  —4as —4diay = -8,

—8ia; —12a, +8iaz —12a4 = —28.

Solving this we obtain a; = —1/2 —i,ay = (1 + 3i)/2,a3 = —1/2 4+ i,a4 = (1 — 3i)/2. Thus,
the solution is

1 . 1 3 : 1 : 1 3 .
y= (—5 — z) et - (5 + 51’) te? + (—5 - z) e "+ (5 — 5@) te ",



Example 3: Suppose that a 14-th order homogeneous linear differential equation with constant
coefficients has characteristic roots:

—3,1,0,0,2,2,2,2,3+4i,3 + 44,3 + 44,3 — 4i,3 — 4,3 — 4i.

What are the general solutions of the differential equation?

Solution: The general solutions are

y = Cre 3 4 Coe' 4+ Cs + Cyt 4+ Cse® + Cgte® + Crt?e® + Cgtde?
+Cye® cos(4t) + Chpe® sin(4t)
+Cyyte™ cos(4t) + Chate sin(4t)
+Cy3te™ cos(4t) + Crat?e® sin(4t),

where C, -+, Cy4 are free parameters.
Alternative Expression: The general solutions are

y = Cre 3 4 Coe' 4+ Cs + Cyt 4+ Cse® + Cgte? + Crt?e® + Cgtde®
+Cge(3+4i)t + Clote(3+4i)t + Cllt26(3+4i)t
+Cl26(3—4i)t + 013t6(3—4i)t + Cl4t2e(3—4i)t’

where (', - - -, (4 are free parameters.



Part II. Nonhomogeneous Equations: Undetermined Coefficients

Objectives: Solve n-th order nonhomogeneous linear equations
any™ + anay "+ +agy = f(2),

where a,, -, a;,ay are constants with a,, # 0, and f(¢) is a given function.

Solution Method:

e The general solutions of the nonhomogeneous equation are of the following structure:

y:yc+yp>

where y. (the so-called “complementary” solutions) are solutions of the corresponding
homogeneous equation:

any™ + an1y" Y+ aryl + agye = 0,
and y, is a particular solution of the given nonhomogeneous equation.

e We copy the function structure of the nonhomogeneous term f(t) to set up a trial function
for y,,.

e A‘naive” choice of the trial function y, does not work in the case of resonance; that is, we
need to modify the choice of y, in the case when there are overlaps between y. and y,,.
The guiding principle of the modification is to multiply the corresponding term(s) by ™,
where m is the smallest positive integer to make the overlap between y. and y, disappear.

Limitations: The method of undetermined coefficients does not work for linear equations with
variable coefficients. Also the nonhomogeneous term f(t) is restricted to be of the following
forms:

a polynomial p(t) = ag + ait + - - - + ant®,
an exponential function e,

cos(wt),

sin(wt),

(a polynomial)-e*,

(a polynomial)- cos(wt),
(a polynomial)- sin(wt),
(a polynomial)-e® cos(wt),

(a polynomial)-e® sin(wt),

or a linear combination of the above functions.

For those f(t) that are not one of the above, the method of variation of parameters should be
used to solve the nonhomogeneous equation. Indeed, the method of variation of parameters is a
more general method and works for arbitrary nonhomogeneous term f(t) (including the types
that can be solved by the method of undetermined coefficients).



Example 4: (a) Solve y” + 4y” — Ty’ — 10y = 100t* — 64¢.
(b) Solve y"” + 4y" — Ty’ — 10y = 100t* — 64e3, y(0) = —20,9'(0) = —29/5,y"(0) = 19/5.

Solution: (a) First, solve the corresponding homogeneous equation
Ye + 4yl — Ty, — 10y, = 0.
This was done in Example 1. The complementary solutions are
Y. = Cre " + Coe® + Cze™™,

where C, Cy, C3 are free parameters.
Next, set up a trial function by copying the structure of f(¢):

Yp = ag + art + ast® + be*.
Substitute this into the nonhomogeneous equation and simplify:
(—10ag — a1 + 8az) + (—10a; — 14as)t — 10ast® + 32be* = 100* — 643"
Compare the coefficients of the two sides:

—10&0 — 7&1 + 8&2 = 0,

—10&1 — 14&2 = 0,
—10ay = 100,
320 = —64.

Solving this linear system we obtain
apg = —89/5,&1 = 14,&2 = —10,b = —2,

and thus 89
yp =~ 14t - 102 — 2¢™.

The general solutions to the nonhomogeneous equation are
89
Y= U= 5 + 14t — 10t* — 2 + Cre™" 4 Coe® + Cze™™,

where C, Cy, C3 are free parameters.
(b) Examine the initial conditions:

89
01+CQ+C3—€—2:—20,
29
~C1+2C, =5Cs + 14— 6 = ==,
19

Solve this for C7, Cs, Cs:
1
Cl - —5,02 - —2,03 =2.

Therefore, the solution of the initial value problem is

89 1
y=—— -+t - 1042 — 2¢% — ge—t — 2¢% 4 2¢75,



Example 5: Solve y™® + 8y" + 16y = 64t sin(2t).

Solution: First, solve the corresponding homogeneous equation
yW + 8y + 16y, = 0.
This was done in Example 2. The complementary solutions are
Yo = C cos(2t) + Cysin(2t) + Cst cos(2t) + Cyt sin(2t),

where (', Csy, C3, Cy are free parameters.
Next, set up a trial form for a particular solution:

yp = t*(ag + art) cos(2t) + t*(by + byt) sin(2t).

Notice that this is the resonant case and the correcting term ¢ is needed. Plug y, in the
nonhomogeneous equation and simplify:

(—32ag + 48by — 96a4t) cos(2t) + (—48ay — 32by — 96b,t) sin(2t) = 64t sin(2t).
Compare the coefficients of the two sides:

—32a0 + 48b1 = 0,

—96a, = 0,
—48&1 — 32()0 = 0,
—960; = 64.

Solving this we obtain:
ag = —1,(1,1 = O,bo = O,bl = —2/3

Therefore, the general solutions of the nonhomogeneous equation are
2
Y =y, + Yo = —t* cos(2t) — §t3 sin(2t) + C cos(2t) + Cy sin(2t) + Cst cos(2t) + Cyt sin(2t),

where C, (s, C3, Cy are free parameters.



Example 6: Solve y© + y©® — 3y@) —5¢0) — 292 — 4 1 812 — 27te~t + 16te’.

Solution: First, solve the corresponding homogeneous equation
y +y =3yl =5y — 2y = 0.
Find the roots of the characteristic polynomial:
A AT =3 = BN =202 = A2 (A + 1)P(\ —2).
Hence, the complementary solutions are
Yo = Cy + Cot + Cse™ + Cyte™ + Cste™ + Cge™,

where C, - -, Cg are free parameters.
Next, set up a trial form for a particular solution:

yp = t*(ap + art + agt®) + (by + bit)e' + t*(co + cit)e ™"

Notice that this is a resonant case and we needed the red terms to modify y,. Plugging v, in the
nonhomogeneous equation and comparing the coefficients of the two sides, we can determine
the coefficients:

a0:—18,a1:10/3,a2:—1/3, b0:5,l)1:—2, 00:7/2,01:3/8.
Therefore, the general solutions of the nonhomogeneous equation are

y:yp‘l'yc
10 1 7 3
=2 —-18 4+ —t — —¢? 5—2t)el Bl=+Zt)et
( +3 3 ) +( )t + 5tgt)e
+Cl + CQt + Cge_t + C4t6_t + C5t26_t -+ Cﬁezt,

where C, -+, Cg are free parameters.



EXERCISES
Solve the following differential equations and initial value problems.
[1] (a) " +4y" —y' =4y =0 (b) y" +4y" =3y’ =18y =0 (c) y” +6y"+ 12y +8y =0
2] v —5y" —y' + 5y = 10t — 63e2! + 29 sin(2t).
3] yW+2y" -2y —y = 24te ' +24e! —8sint, y(0) = —2, y'(0) =0, 3"(0) = 6, ¥ (0) = 10.

[4] y™ + 18y" + 81y = 64t cost + 108t cos(3t)

Answers:

1] (a) y = Cre™t + Chel + Cse™ (b)) y = C1e* + Che 3t + Cate™
(¢) y = Cre2 + Chte 2 4 Cyt2e 2

2 2
2] y = 5 + 2t +3e % 4+ R cos(2t) +sin(2t) + Cre™" 4 Che' + Cae™

1
Bly=* <_1 a §t) e '+ 3te! —2cost—el +et —te !t —2t% !

1 1 1
[4] y = tcost + 5 sint — 5153 cos(3t) + §t2 sin(3t) + C cos(3t) + Cysin(3t) + Cst cos(3t) +
Cyt sin(3t)



