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Elementary Properties of Groups -

As we proceed to prove our first theorem about groups, we must use Definition 4.1, which
is the only thing we know about groups at the moment. The proof of a second theorem
can employ both Definition 4.1 and the first theorem; the proof of a third theorem can
use the definition and the first two theorems, and so on.

Our first theorem will establish cancellation laws. In real arithmetic, we know that
2a = 2b implies that a = b. We need only divide both sides of the equation 2a = 2b
by 2, or equivalently, multiply both sides by %, which is the multiplicative inverse of 2.
We parrot this proof to establish cancellation laws for any group. Note that we will also
use the associative law.

If G is a group with binary operation *, then the left and right cancellation laws
hold in G, thatis, a x b = a * ¢ implies b = ¢, and b * a = ¢ * a implies b = ¢ for all
a,b,ceqG.

Suppose a * b = a % c. Then by %, there exists a’, and

a x(axb)=a *(ax*c).
By the associative law,

(@ *xa)xb=(a *a)xc.
By the definition of @’ in &, a’ xa = e, so

exb=exc.
By the definition of e in &,
b=c.

Similarly, from b % a = ¢ x a one can deduce that » = ¢ upon multiplication on the right
by @’ and use of the axioms for a group. *

Our next proof can make use of Theorem 4.15. We show that a “linear equation” in
a group has a unique solution. Recall that we chose our group properties to allow us to
find solutions of such equations.

If G is a group with binary operation *, and if a and b are any elements of G, then the
linear equations a * x = b and y * a = b have unique solutions x and y in G.

First we show the existence of at least one solution by just computing that a’ % b is a
solution of a * x = b. Note that

ax{a *b)=(axa’)xb, associative law,
—exb, definition of @’,
=b, property of e.

Thus x = &’ * b is a solution of a * x = b. In a similar fashion, y = b * @’ is a solution
of yxa=n>b.
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To show uniqueness of y, we use the standard method of assuming that we have
two solutions, y; and y», so that y; xa = b and yp xa = b. Then y; xa = y, x a, and
by Theorem 4.15, y; = y,. The uniqueness of x follows similarly. L 4

Of course, to prove the uniqueness in the last theorem, we could have followed the
procedure we used in motivating the definition of a group, showing that if a x x = b,
then x = a’ x b. However, we chose to illustrate the standard way to prove an object is
unique; namely, suppose you have two such objects, and then prove they must be the
same. Note that the solutions x = @’ * b and y = b * a’ need not be the same unless * is
comimutative.

Because a group is a special type of binary structure, we know from Theorem 3.13
that the identity e in a group is unique. We state this again as part of the next theorem
for easy reference.

In a group G with binary operation #, there is only one element e in G such that
exx =x%e=2x
for all x € G. Likewise for each a € G, there is only one element a’ in G such that
! !
adxa=axad =e.
In summary, the identity element and inverse of each element are unique in a group.

Theorem 3.13 shows that an identity element for any binary structure is unique. No use
of the group axioms was required to show this.

Turning to the uniqueness of an inverse, suppose that a € G has inverses a’ and a”
sothata’*a =a*a =eanda”’ *a =a*a”’ = e. Then

” ’
axa —axa —=e

and, by Theorem 4.15,

so the inverse of @ in a group is unique. *
Note that in a group G, we have
(axb)yx (b xa)=axbxb)xad =@xe)xa =axa =e.

This equation and Theorem 4.17 show that b’ % @’ is the unique inverse of a * b.
That is, (a * b)’ = b’ * a’. We state this as a corollary.

Let G be a group. Forall a, b € G, we have (a * b)Y = b' *a’.

For your information, we remark that binary algebraic structures with weaker axioms
than those for a group have also been studied quite extensively. Of these weaker structures,
the semigroup, a set with an associative binary operation, has perhaps had the most
attention. A monoid is a semigroup that has an identity element for the binary operation.
Note that every group is both a semigroup and a monoid.



