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Proof Say that f(x) == anxn + . . . + alx + ao. Sinceq; is an F-isomorphism and since ai
are in F, qJ(ai) == ai\" Since qJ is a homomorphism,)

o == q;(O)
==

cp(f(ex\302\273
== q;(ana

n + . . . + ala + ao)

== q;(an)q;(a)n + . . . + q;(al)cp(a)+ cp(ao)
== ana,n + . . . + ala' + ao.)

Therefore a' is a root of f.) D)

15.3 THE DEGREE OF A FIELD EXTENSION)

A field extension K of F can always be regarded as an F-vector space. Addition is the

addition law in K, and scalar multiplication of an element of K by an element of F is
obtainedby multiplying these two elements in K. The dimension of K, when regardedas an

F-vector space, is called the degree of the field extension. This degree, which is denoted by

[K :F], is a basic property of a field extension.)

(15.3.1)) [K: F] is the dimension of K, as an F -vector space.)

For example,C has the IR-basis (1, i), so the degree [C:}R]is 2.
A field extension K / F is a finite extension if its degree is finite. Extensions of degree 2

are quadratic extensions, those of degree 3 are cubic extensions, and so on.)

Lemma 15.3.2

(a) A field extension K/ F has degree 1 if and only if F == K.

(b) An element a of a field extension K has degree lover F if and only if ex is an element
of F.)

Proof (a)If the dimension of K as vector space over F is 1, any nonzero element of K,

including 1, will be an F -basis,and if 1 is a basis, every element -of K is in F.

(b) By definition, the degree of a over F is the degree of the (monic) irreducible polynomial
for ex over F. If ex has degree 1, then this polynomial must be x -

ex, and if x - ex has

coefficients in F, then ex is in F. 0)

Proposition 15.3.3 Assumethat the field F does not have characteristic2, that is, 1 + 1 * 0
in F. Then any extension K of degree2 over F can be obtained by adjoining a square
root: K == F(o), where 82 == d is an element of F. Conversely,if 8 is an element of a field

extension of F, and if 82 is in F but 8 is not in F, then F(8) is a quadratic extensionof F.)

It is not true that all cubic extensions can be obtained by adjoining a cube root. We
learn more about this point in the next chapter (see Section16.11).

ProofWe first show that every quadratic extension K canbe obtained by adjoining a root

of a quadratic polynomial f(x) with coefficients in F. We choose an element a of K that

is not in F. Then (1, a) is a linearly independent set over F. Since K has dimension2 as a
vector space over F, this set is a basisfor K. It follows that ex

2 is a linear combination of)))
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(1, a) with coefficients in F. We write this linear combination as a 2 == -ba - c. Then a isa
root of j(.x.)

== x
2

+ bx + c, and sincea is not in F, this polynomial is irreducibleover F.

This much is also true when the characteristicis2.
Thediscriminant of the quadratic polynomial f isD == b

2 -4c. In a fieldof characteristic

not 2, the quadratic formula i (-b + \037) solves the equation x 2 + bx + c = O. This is proved

by substituting into the polynomial. There are two choices for the square root, let 8 be one
of them. Then 8 is in K, 8 2 is in F, and because a is in the field F(8), 8 generates Kover
F. Conversely, if 8 2 is in F but 8 is not in F, then (1,8) will be an F-basis for F(8), so
[F(8):F] == 2. D)

The term degree comes from the case that K is generated by one algebraic element a:
K = F(a). This is the first important property of the degree:)

Proposition15.3.4

(a) If an element a of an extension field is algebraic over F, the degree [F(a): F] of F(a)

over F is equal to the degree of a over F.

(b) An element a of an extension field is algebraicover F if and only if the degree [F(a) :F]
is finite.)

Proof If a is algebraic over F, then by definition, its degree over F is equalto the degree

of its irreducible polynomial f over F. And if f has degree n, then F(a) \037as the F-basis

(1, a, . . . ,a n - l
) (Proposition 15.2.7),so [F(a) :F] == n. If ex is not algebraic, then F[ ex]and

F(a) have infinite dimension over F. 0

The secondimportant property relates degrees in chains of fieldextensions.)

Theorem15.3.5Multiplicative Property of the Degree. Let F eKe L be fields. Then

[L: F] = [L: K][K: F]. Thereforeboth [L: K] and [K: F] divide [L: F].)

Proof LetB == (fJl. . . . , f3n) be a basis for L asa K-vector space, and let A == (al, . . . , am)
be a basis for K as F -vector space. So [L :K]

= nand [K: F] = m. To prove the theorem,
we show that the set of mn products P ==

{aif3j} is a basis of L as F-vectorspace.The

reasoning in case one of the degreesis infinite is similar.

Let y be an element of L. Since B is a basis for Lover K, y can be expressed uniquely

as a linear combination bi fJl + . . . + b n fJn, with coefficients b j in K. Sjnce A is a basis for

Kover F, each b j can beexpresseduniquely as a linear combination aljal + . . .+ amja m ,

with coefficients aij in F. Then y = Li,j aijaifJ j. This shows that P spans L as an F-vector

space. If a linear combination Li,j aijaifJj is zero, then because B is a basis for L as

K-vector space, the coefficient Li aijai of fJ j is zero for every j. This being so, aij is zero
for every i and every j because A is a basis for Kover F. Therefore P is independent,and

hence it is a basis for Lover F. D)

Corollary 15.3.6

(a) Let F C K be a finite field extension of degree n, and let a be an element of K. Then ex

is algebraic over F, \037nd its degree over F divides n.)))
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(b) Let F c F' C L be fields. If an element a of L is algebraicover F, it is algebraic over
F'. If a has degree d over F, its degree over F' is at most d.

(c) A field extension K that is generated over F by finitely many algebraic elements is a
finite extension. A finite extension is generated by finitely many elements.

(d) If K is an extension field of F, the set of elementsof K that are algebraic over F is a
subfield of K.)

Proof. (a) The element a generatesan intermediate field F C F(a) C K, and the multi-

plicative property states that [K: F] ==
[K: F(a)][ F(a) : F]. Therefore [F(a) :f'] is finite,

and it divides [K: F].

(b)Let f denote the irreducible polynomial for ex over F. Since Fe F', f isalsoan element

of F' [x]. Since a is a root of f, the irreducible polynomial g for a over F' divides f. So the
degree of g is at most equal to the degree of f.

(c) Let aI, . . . , ak be elements that generate K and are algebraicover F, and let F i denote

the field F(al, . . . ,ai) generated by the first i of the elements. These fields form a chain

F == Fo C Fl C . . . C Fk
== K. Since ai is algebraic over F, it is also algebraic over the

larger field Fi-l' Thereforethe degree [Fi : Fi-l] is finite for every i. By the multiplicative
property, [K:F] is finite. The second assertion is obvious.

(d) We must show that if a and f3 are elements of K that are algebraic over F, then a + f3,

af3, etc., are algebraic over F. This follows from (a) and (c) because they are elementsof

the field F( ex, fi). 0)

Corollary 15.3.7Let K be an extension field of F of prime degreep. If an element a of K
is not in F, then a has degree p over F and K == F(a). 0)

Corollary 15.3.8 Let JC be an extension field of a field F, let K and F' be subfieldsof JC that

are finite extensions of F, and let k' denote the subfieldof JC generated by the two fields K
and F' together.Let[K':F] = N, [K: F] == m and [F': F] == n. Then m and n divide N,
and N < mn.)

Proof. The multiplicative property shows that m and n divide N. Next, supposethat F'

is generated over F by one element: F' ==
F(fJ) for some element fi. Then K' == K(fJ).

Corollary 15.3.6(b) shows that the degree of fJ over K, which is equal to [K': K],is at most

equal to the degree of f3 over F, which is n. The multiplicative property shows that N < mn.
The casethat F is generated by several elements follows by induction, when one adjoinsone
elementat a time. 0)

The diagram below sumsup the corollary:)

(15.3.9)) K'

\037/ \037m

K N F'

\037 \037

F)))
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It follows from the corollary that the degree N of K' over F is divisible by the least common

multiple of m and n, and that if m and n are relativelyprime, then N == mn.

It might be tempting to guessthat N divides mn, but this isn't always true.)

Examples 15.3.10

(a) The three complexrootsof x
3 - 2 are a} == a, a2 == wa, and a3 == w

2
a, where a == \037

and w == e2Jrij3. Each of the roots ai has degree3 over Q, but Q(al, a2) = Q(a, w),
and since u) has degree 2 over Q, [Q(al,(2):Ql

== 6.

(b) Let a == \037 and let fJ be a root of the irreducible polynomialx4
+ x + 1 over Q. Because

3 and 4 are relatively prime, Q(a, fJ) has degree 12 over Q. Therefore a is not in the

field Q(f3). On the other hand, sincei has degree 2 over Q, it is not so easy to decide
whether or not i is in Q (fJ). (It is not.)

(c) Let K == Q( -}2, i) be the field generated over Q by -}2 and i. Both i and -}2have degree

2 over Q, and since i is complex,it is not in Q( -}2). SO[Q(-}2,i):Q]
== 4. Therefore the

degree of i over Q( -}2) is 2. Since nand i alsogenerateK,i is not in the field Q[n]
either. 0)

15.4 FINDING THE IRREDUCIBLE POLYNOMIAL)

I\037et Y be an element of an extension field K of F, and assume that y is algebraic over
F. There are two general methods to find the irreducible polynomial f(x) for y over

F. One is to compute the powers of Y and to look for a linear relation among them.

Sometimes, though not very often, one can guess the other roots of f, say Yl, . . . , Yk, with

y == Yl. Then expanding the product will (x
- Yl) . . . (x -

Yk) produce the polynomial.
We'll give an example to illustrate the two methods, in which [/ is the field Q of rational

numbers.)

Example 15.4.1 Let Y
== -}2 + ,)3. We compute powersof y, and simplify when possible:

y2 == 5 + 2,J6, y4 == 49 + 20,J6. We won't need the other powers because we can eliminate
,J6 from these two equations, obtaining the relation y4 -

IOy2 + 1 == O. Thus Y is a root of

the polynomial g(x) == x
4 - 10x2 + 1. D)

Two important elementary observations are implicit here:)

Lemma 15.4.2

(a) A linear dependence relation Cn yn + . . . + Cl Y + Co == 0 among powers of an element Y

means that y is a root of the polynomial cnx
n

+ . . . + CI X + Co.

(b) Leta and f3 be algebraic elements of an extension field of F, and let their degrees over

F be d1and d2, respectively. The d 1d2 monomialsa i
f3J, with 0 < i < d1and 0 < j <d2 ,

span F( a, f3) as F -vector space.)

Proof Though important, (a) is trivial. To prove (b), we note that because a and fJ are

algebraic over F, F(a, f3)
== F[a, f3] (15.2.6). The monomials listed spanF[a, fi]. 0)))




