
Math 130

Homework 5 – Due March 10, 2020
Jamie Conway

Work on all the questions, but please only submit questions 2, 4, 6a, and 7 to be graded.

1. Think about your independent project. Do research to help you choose a topic.

2. Do the following problems from Stillwell: 5.6.1 – 5.6.4.

Do the set of fractional linear transformations form a group? Explain.

3. Read Ellenberg’s argument (see the course website) of how the Fano plane (that is, the
projective plane with 7 points) helps you buy lottery tickets (where the lottery has 7 numbers).

4. Using the axioms (P1–4) for a projective plane (see Hartshorne, exercise 6.3), prove that
every point is contained in (at least) 3 different lines.

5. Compare the axioms (P1–4) to Stillwell’s axioms in Section 5.3 (page 94). Is one axiomatic
approach to projective planes equivalent to the other? That is, given (P1–4), can you prove
Stillwell’s (1–3), and vice versa?

6. If we have a geometry G, then define the dual geometry G! such that the set of points of G!
are the set of lines of G, and the lines of G! are the points of G. A point of G! is on a line of
G! if the corresponding line of G contains the corresponding point of G.

(a) If G is a projective plane, show that G! also satisfies the projective plane axioms. Hint:
use the result from HW5 that every point of G has at least 3 lines passing through it.

(b) (hard) If G is a projective plane, when is G! isomorphic to G? Here, isomorphic means
that there’s a bijection f : points(G) → points(G!) such that the lines of G get mapped
to the lines of G!.

7. The order of a finite projective plane is one less than the number of points on a line.

(a) Show that this number is well-defined, i.e. that each line has the same number of points.
Hint: given two lines `1 and `2, find a bijection `1 → `2. A point not on the two lines
will be your guide.

(b) A consequence of duality of question 6 is that every theorem in projective geometry has
a dual theorem. That is, every statement about G can be converted into a statement
about G! by switching mentions of points and lines. What is the dual theorem to (a)?

(c) Use (a) and (b) to show that every finite projective plane of order n has exactly n2+n+1
points.


