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EXERCISES)

Section 1 Definition of a Ring

1.1. Prove that 7 + .ifi and ,J3 + J=5 are algebraic numbers.

1.2. Prove that, for n #: 0, cos(2n j n) is an algebraicnumber.

1.3. Let Q[a, ,8] denote the smallestsubring of C containing the rational numbers Q and the

elements a = \037 and {3 = ,J3. Let y = a + {3. Is Q[a, (3] = Q[y]? Is Z[a, ,8]
= /E[y]?

1.4. Let a =
\037

i. Prove that the elements of Z[a] are dense in the complex plane.

1.5. Determineall subrings of 1R that are discrete sets.

1.6. Decidewhether or not S is a subring of R, when

(a) S is the set of all rational numbers aj b, whereb is not divisible by 3, and R = Q,
(b) S is the set of functions which are linear combinations with integer coefficients of the

functions {I, cos nt, sin nt}, nEZ, and R is the set of all real valued functions of t.)

1.7. Decide whether the given structure forms a ring. If it is not a ring, determine which of the

ring axioms hold and which fail:

(a) U is an arbitrary set, and R is the set of subsetsof U. Addition and multiplication of
elementsof Rare dt!fined by the rules A + B = (A u B) -

(A n B) and A . B = An B.

(b) R is the set of continuous functions IR -+ IR. Addition and multiplication are defined
by the rules [f + g](x) = f(x) + g(x)and [f 0 g](x) =

f(g(x\302\273.

1.8. Determine the units in: (a) Zj12Z, (b) Zj8Z, (c) ZjnZ.

1.9. Let R be a set with two laws of composition satisfying all ring axioms except the
commutative law for addition. Use the distributive law to prove that the commutative law

for addition holds, so that R is a ring.)

Section 2 Polynomial Rings

2.1. For which positive integers n does x2+x + 1dividex
4

+ 3x 3 +x 2 + 7x + 5 in [Zj(n)][x]?

2.2. Let F be a field. The set of all formal powerseriesp(t) = ao + al t + a2t2 + . . ., with ai

in F, forms a ring that is often denoted by F[[t]]. By formal power series we mean that

the coefficients form an arbitrary sequence of elements of F. There is no requirement of

convergence. Prove that F[[t]] is a ring, and determine the units in this ring.)

Section 3 Homomorphisms and Ideals

3.1. Prove that an ideal of a ring R is a subgroup of the additive group R+.
3.2. Prove that every nonzero ideal in the ring of Gauss integers containsa nonzero integer.

3.3. Find generators for the kernels 'pf the following maps:

(a) \037[x, y] -+ \037defined by f(x, y) \037 f(O, 0),

(b) JR[x] -+ C defined by f(x) \037 f(2 + i),

(c) Z[x] -+ IR defined by f(x) \037 f(l + \037),)))



Exercises 355)

(d) Z[x] -+ C defined by x \037 J2 + v'3.

(e) C[x, y, z] -+
Crt] defined by x \037 t, Y \037 t

2
, Z \037 t

3
.

3.4. Let cp:C[x, y] -+
Crt] be the homomorphism that sends x \037 t+ 1 and y \037 t

3 -1. Determine
the kernel K of <fJ, and prove that every ideal I of C[x, y] that contains K canbegenerated

by two elements.

3.5. The derivative of a polynomial f with coefficients in a field F is defined by the calculus

formula (anx
n

+ . . . + alx + ao)' = nanx n - 1 + . .. + 1al. The integer coefficients are

interpreted in F using the unique homomorphism Z -+ F.

(a) Prove the product rule (fg)' = f' g + fg' and the chain rule (f 0 g)' = (f' 0 g)g'.

(b) Let a be an elementof F. Prove that a is a multiple root of a polynomial f if and only
if it is a common root of f and of its derivative f'.)

3.6. An automorphism of a ring R is an isomorphism from R to itself. Let R be a ring,

and let fey) be a polynomial in one variable with coefficients in R. Prove that the map
R[x, y] -+ R[x, y] defined by x \037 x + fey), y \037 y is an automorphism of R[x, y].

3.7.Determine the automorphisms of the polynomial ring Z[x] (see Exercise 3.6).

3.8. Let R be a ring of prime characteristicp. Prove that the map R -+ R definedby x \037 x P is
a ring homomorphism. (It is called the Probenius map.)

3.9.(a)An element x of a ring R is called nilpotent if some power is zero. Prove that if x is

nilpotent, then 1 + x is a unit.

(b) Suppose that R has prime characteristicp =I- O. Prove that if a is nilpotent then 1 + a is

unipotent, that is, some power of 1+ a is equaJ to 1.

3.10. Determine all idealsof the ring F[[t]] of formal powerserieswith coefficients in a field F

(see Exercise2.2).
3.11.Let R be a ring, and let I be an ideal of the polynomial ring R[x]. Let n be the lowest

degreeamong nonzero elements of I. Prove or disprove:I contains a monic polynomial of

degr\037e
n if and only if it is a principal ideal.

3.12. Let I and J be ideals of a ring R. Prove that the set I + J of elements of the form x + y,
with x in I and y in J, is an ideal. This idealiscalledthe sum of the ideals I and J.

3.13.Let I and J be ideals of a ring R. Prove that the intersection I n J is an ideal. Showby

example that the set of products{xyI
x E I, Y E J} need not be an ideal, but that the set

of finite sums L XvYv of products of elements of I and J is an ideal. This ideal is called
the product ideal, and is denoted by I J. Is there a relationbetweenIJ and In J?)

Section 4 QuotientRings

4.1. Consider the homomorphism Z[x] -+ Z that sends x \037 1. Explain what the Correspon-
denceTheorem, when applied to this map, saysabout ideals of Z[x].

4.2. What does the CorrespondenceTheorem tell us about ideals of Z[x] that contain x 2 + I?

4.3. Identify the following rings: (a) Z[x!l(x
2 - 3,2x+ 4), (b)Z[i]j(2+ i),

( c) Z[ x] / (6, 2x - 1), (d) Z[ x] / (2x - 4, 4x - 5), (e) Z[ x] / (x 2 + 3, 5).
4.4.Are the rings Z[x]j(x

2 + 7) and Z[x]j(2x2
+ 7) isomorphic?)))




