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Proof The elements of G are the cosets of N, and they are also the fibres of the map cp

(2.7.15). The map cp referred to in the theorem is the one that sends a nonempty fibre to
its image: cp ( x ) == cp(x). For any surjective map of sets cp: G \037 G

'
, one can form the set

G of fibres, and then one obtains a diagram as above, in which cp is the bijective map that

se nds a fibre to its image. When cp is a gr oup homomorphism, cp is an isomorphism because

cp (ab) = cp(ab) = cp(a)cp(b) ==
cp ( a ) cp (b). 0)

Corollary 2.12.11 Let cp:G \037 G
' be a group homomorphismwith kernel N and image H'.

The quotient group G = GIN is isomorphic to the image H'. 0)

Two quick examples:The imageof the absolute value map (CX \037 JRx is the group
of positive real numbers,and its kernel is the unit circle V. The theorem asserts that the

quotient group (CX IV is isomorphic to the multiplicative group of positive real numbers.

The determinant is a surjective homomorphism G Ln (JR) \037 JRx, whose kernel is the special
linear group SLn (IR). So the quotient G Ln (JR) / SL n (JR) is isomorphic to IR

x
.

There are also theorems called the Secondand the Third Isomorphism Theorems,

though they are less important.)
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-Leonhard Euler)

EXERCISES)

Section 1 Lawsof Composition

1.1. Let S be a set. Prove that the law of composition definedby ab == a for all a and b in S is

associative. For which sets does this law have an identity?

1.2. Prove the properties of inversesthat are listed near the end of the section.

1.3. Let N denote the set {1,2, 3, ...,}of natural numbers, and let s:N \037 N be the shift map,
definedby s(n) == n + 1. Prove that s has no right inverse, but that it has infinitely many

left inverses.)

Section 2 Groups and Subgroups

2.1. Make a multiplication table for the symmetric group S3.

2.2. Let Sbea setwith an associative law of composition and with an identity element. Prove
that the subset consisting of the invertible elements in S is a group.

2.3. Let x, y, Z, and UJ be elements of a group G.

(a) Solve for y, given that xyz-l w == 1.

(b) Suppose that xyz == 1. Does it follow that yzx == I? Does it follow that yxz = I?)))
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2.4. In which of the following cases is H a subgroup of G?

(a) G =
GLn(C) and H = GLn(1\037).

(b) G = \037x and H = {I, -I}.
(c) G = Z+ and H is the set of positive integers.

(d) G = JRx and H is the set of positive reals.

(e) G = G L2(lR) and H is the set of matrices

[\037
\037l

with a* O.

2.5. In the definition of a subgroup, the identity element in H is required to be the identity
of G. One might require only that H have an identity element, not that it need be the
sameas the identity in G. Show that if H has an identity at all, then it is the identity in

G. Show that the analogous statement is true for inverses.
2.6. Let G be a group. Define an oppositegroup GO with law of composition a * b as follows:

The underlying set is the same as G, but the law of composition is a * b = ba. Prove that

GO is a group.)

Section 3 Subgroupsof the Additive Group of Integers

3.1. Let a = 123and b = 321. Compute d = gcd(a,b), and express d as an integer
combinationra + bs.

3.2.Prove that if a and b are positive integers whose sum is a prime p, their greatest common

divisor is 1.

3.3. (a) Define the greatest common divisor of a set {al,. .., an} of n integers. Prove that it

exists, and that it is an integer combination of al, . . . , an.

(b) Prove that if the greatest common divisor of {al, . . . , an} is d, then the greatest
commondivisor of {all d, . . . , anid}is 1.)

Section 4 Cyclic Groups

4.1. Let a and b be elements of a group G. Assume that a has order 7 and that a
3 b = ba 3

.

Prove that ab = baa

4.2. An nth root of unity is a complex number z such that zn = 1.

(a) Prove that the nth roots of unity form a cyclic subgroup of ex of order n.

(b) Determine the product of all the nth roots of unity.

4.3. Let a and b be elementsof a group G. Prove that ab and ba have the same order.
4.4.Describeall groups G that contain no proper subgroup.
4.5. Prove that every subgroup of a cyclicgroup is cyclic. Do this by working with exponents,

and use the descriptionof the subgroups of Z+ .

4.6. (a) Let G be a cyclic group of order 6.How many of its elements generate G? Answer

the same question for cyclicgroups of orders5 and 8.

(b) Describe the number of elements that generate a cyclic group of arbitrary order n.

4.7. Let x and y be elements of a group G. Assume that each of the elements x, y, and xy has
order2.Prove that the set H = {1,x, y, xy} is a subgroup of G, and that it has order 4.)))
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4.8. (a) Prove that the elementary matrices of the first and third types (1.2.4) generate
GLn (lR).

(b) Prove that the elementary matricesof the first type generate SL n (IR). Do the 2 X 2

case first.

4.9. How many elements of order 2 does the symmetric group 84 contain?

4.10. Show by example that the product of elementsof finite order in a group need not have
finite order. What if the group is abelian?

4.11.(a) Adapt the method of row reduction to prove that the transpositions generate the

symmetric group Sn.
(b) Prove that, for n > 3, the three-cyclesgenerate the alternating group An.)

Section 5 Homomorphisms

5.1.Let cp: G -+ G' be a surjective homomorphism. Prove that if G is cyclic\037 then G' is cyclic,
and if G is abelian, then G' is abelian.

5.2. Prove that the intersection K n H of subgroupsof a group G is a subgroup of H, and

that if K is a normal subgroup of G, then K n H is a normal subgroup of H.

5.3. Let U denotethe group of invertible upper triangular 2 X 2 matrices A =

[\037 \037],

and

let <p : U -+ lR
x be the map that sends A \037 a

2 . Prove that cp is a homomorphism, and
determine its kernel and image.

5.4. Let f: 1R+ -+ ex be the map I(x) == e
ix . Prove that f is a homomorphism, and determine

its kernel and image.

5.5. Prove that the n X n matrices that have the block form M =

[\037
\037

]
, with

A in GLr(IR) and D in GLn-r(JR), form a subgroup H of GLnOR), and that the

map H -+ G Lr(JR) that sends M \037 A is a homomorphism. What is its kernel?

5.6. Determine the center of GLn (IR).

Hint: You are asked to determine the invertible matrices A that commute with every

invertible matrix B. Do not test with a general matrix B. Test with elementary matrices.)

Section 6 Isomorphisms

6.1. Let G' be the group of real matrices of the form

[1 \037
].

Is the map jR+ -+ G' that

sends x to this matrix an isomorphism?

6.2. Describe all .homomorphisms cp : z+ -+ Z+. Determine which are injective, which are

surjective, and which are isomorphisms.

6.3. Show that the functions f = 1/ x, g == (x
- 1) / x generate a group of functions, the law of

composition being composition of functions, that is isomorphic to the symmetric group S3.
6.4.Prove that in a group, the products ab and ba are conjugate elements.

6.5. Decide whether or not the two matrices A =

[

3

2]
and B =

[_\037 \037]

are conjugate

elements of the general linear group G L2 OR).)))




